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1. INTRODUCTION

The following minimization problem is considered:

min f (x) (1.1)
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where f:R" > R u{+oo} is a convex and not necessarily differentiable function with a

nonempty set X~ of minima.

Many approaches have been presented for non-smooth programs, but they are
often restricted to the convex unconstrained case. The reason for the restriction is the fact
that a constrained problem can be easily transformed to an unconstrained problem using a
distance function. In general, the various approaches are based on combinations of the
following methods: subgradient methods, bundle techniques and the Moreau-Yosida
regularization.

For a convex function f it is very important that its Moreau-Yosida
regularization is a new function with the same set of minima as f and is differentiable
with Lipschitz continuous gradient, even when f is not differentiable. In [13], [14] and
[23] the second order properties of the Moreau-Yosida regularization of a given function
f are considered.

Having in mind that the Moreau-Yosida regularization of a proper closed
convex function is an LC' function, we present an optimization algorithm (using the
second order Dini upper directional derivative (described in [1])) based on the results
from [3], which is the main idea of this paper.

We shall present an iterative algorithm for finding an optimal solution of
problem (1.1) by generating the sequence of points {xk} of the following form:

X =X, +as, +aid, k=01,.,s 20,d, 20 (1.2)

where the step-size ¢, and the directional vectors s, and d, are defined by the

particular algorithms.

The paper is organized as follows: in the second section, some basic theoretical
preliminaries are given; in the third section, the Moreau-Yosida regularization and its
properties are described; in the fourth section, the definition of the second order Dini
upper directional derivative and its basic properties are given; in the fifth section, the
semi-smooth functions and conditions for their minimization are described. Finally, in
the sixth section, a model algorithm is suggested, its convergence is proved and an
estimate rate of its convergence is given, too.

2. THEORETICAL PRELIMINARIES

Throughout the paper we will use the following notation. A vector s refers to a
T

column vector, and V denotes the gradient operator [%%%J . The Euclidean
rxl (X2 OX

product is denoted by (+) and [{ is the associated norm; B(x,p) is the ball centred at

x with radius p . For a given symmetric positive definite linear operator M = we set

() ” :=(M-,) ; hence, it is shortly denoted by ||x||i4 :=(x,x) .The smallest and the largest

M
eigenvalue of M we denote by A and A | respectively.
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The domain of a given function f:R"—>RuU{+} is the set

dom(f):{xeR”

f(x)< +oo} . We say that f* is proper if its domain is nonempty.

The point x = argmin f(x) refers to the minimum point of a given function

xeR"
fiR" > RU{+x}.
The epigraph of a given function f:R"—>RU{+x} is the set
epi f = {(a,x) € RxR"

azf (x)}. The concept of the epigraph enables us to define

convexity and closure of a function in a new way. We say that f is convex if its
epigraph is a convex set, and f is closed if its epigraph is a closed set.

In this section, we will give definitions and statements that are necessary for this
work.

Definition 1. 4 vector ge R" is said to be a subgradient of a given proper convex

function f : R" — RU{+} at a point x € R" if the next inequality

f@2f()+g"(z-x) 2.1)
holds for all ze R". The set of all subgradients of f(x) at the point x, called the
subdifferential at the point x, is denoted by 0f(x). The subdifferential of(x) is a

nonempty set if and only if x € dom(f").

For a convex function f it follows that f(x)= max{ f(2)+g" (x—z)} holds,
zeR"

where g € df (z) (see[7]).

The concept of the subgradient is a simple generalization of the gradient for
non-differentiable convex functions.

Lemmal. Letf:S— Ru{+oo} be a convex function defined on a convex set S < R",
and x'eintS. Let {x} be a sequence such that x,—>x', where
X, =X +&s, +eid,, k=0,1,..,s, #0,d, #0, g >0,6 —0 and s, —> s,
d, >dand g, €0f(x,). Then all accumulation points of the sequence{ gk} lie in the
set of (x').

Proof. Since g, € of (x,), then the inequality f(y)> f(x,)+g, -(y—x,) holds for any
y€S. Hence, taking any subsequence for which g, —g', it follows that
f) = f(xXN+g" -(y—x"), which means that g' € of (x"). n
Definition 2. The directional derivative of a real function f defined on R" at the point
x' € R" in the direction s € R", denoted by f'(x,s), is

J'(xs)=lim

f(x'+t-s)— f(x") (2.2)
t
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when this limit exists.

Hence, it follows that if the function f is convex and x’ e dom f , then

f(x'+t-s)=f(x)+t- f(x,8)+0(F) (2.3)
holds, which can be considered as one linearization of the function f (see in [8]).

Lemma 2. Let f : S —> R u{+oo} be a convex function defined on a convex set S — R",
and x'eintS. If the sequence x, > x', where x, =x'+¢g.5,, ¢ >0, ¢ —>0 and

s, = S then the next formula:

f'(x',s) — llm f(xk)_f(x) = max STg (24)
k—o gk gedf (x)

holds.

Proof. See in [9] or [17].
Lemma 3. Let f:S — RU{+w} be a convex function defined on a convex set S < R".

Then Of (x) is bounded for¥x € B cintS, where B is a compact.

Proof. See in [10] or [12].
Proposition1 Let f : R" — RuU {+oo} be a proper convex function. The condition:

0edf(x) (2.5)

is a first order necessary and sufficient condition for a global minimizer at x € R". This
can be stated alternatively as:

VseR",

s|=1 max s"g>0. (2.6)

gedf (x)

Proof. See [16].

Lemma 4. If a proper convex function f:R" — R\U{+w} is a differentiable function at
a point x e dom(f), then:

o (x)={Vf(x)}. Q2.7)

Proof. The statement follows directly from Definition 2.
Lemma 5. Let f,:R" — Ru{+oo} for i:{1,2,...,n},n € N be convex functions, and

f(x)= g1zax } f:(x) . Then the function f is a convex function, and its subgradient g at

the point x € R" is given as follows:

8= Z/Iigi (2.8)

iel
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where Y A; =1 and 4; 20, g; e@f,-(x)for iel,and I isthe set

f:{iel|f(x)=ﬁ(x)}-

Proof. See in [7].
Definition 3. The real function f defined on R" is LC' function on the open set

D c R" if'it is continuously differentiable and its gradient Vf is locally Lipschitz, i.e.

IVf ()= Vf()| < L|x-y| for x,yeD (2.9)

for some L >0.

3. THE MOREAU-YOSIDA REGULARIZATION

Definition 4. Let f:R" —> R u{+oo} be a proper closed convex function. The Moreau-

Yosida regularization of a given function f, associated to the metric defined by M,
denoted by F, is defined as follows:

F(x) = g{?{f(y)%lly—xu;} G.1)

The above function is an infimal convolution. In [18] it is proved that the infimal
convolution of a convex function is also a convex function. Hence, the function defined
by (3.1) is a convex function and has the same set of minima as the function f (see in

[8]), so the motivation of the study of Moreau-Yosida regularization is due to the fact that
min f(x) is equal to min F(x) .
xeR" xeR"

Definition 5. The minimum point p(x) of the function (3.1):

p(x) = arglgin{f(y)+%"y—x”jw} (3.2)

is called the proximal point of x .

Proposition 2. The function F defined by (3.1) is always differentiable.
Proof. See in [8].
The first order regularity of F is well known (see in [8] and [13]): without any

further assumptions, F has a Lipschitzian gradient on the whole space R". More
precisely, for all x;,x, e R" the next formula:

IVF(x)-VF@)| < A(VF(x)-VF(x,),x5 —x,) (3.3)

holds (see in [13]), where VF(x) has the following form:
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G =VF(x)=M(x— p(x)) € of (p(x)) (3.4)
and p(x) is the unique minimum in (3.1). So, according to the above consideration and

Definition 3, we conclude that Fis an LC' function (see in [14]).

Note that the function f has nonempty subdifferential at any point p of the
form p(x). Since p(x) is the minimum point of the function (3.1), then (see in [8] and

[13D:
p(x)=x-M"g where g edf(p(x)) (3.5)

In [13] it is also proved that for all x,,x, € R" the next formula:

|pGe) = P, < (M(x - x,), p(x) - p(x,)) (3.6)

is valid, namely the mapping x — p(x) , where p(x) is defined by (3.2), is Lipschitzian
with constant % (see Proposition 2.3. in [13]).

Lemma 6: The following statements are equivalent:
(i) x minimizes f;
(i) p(x)=x
(iii) VF(x)=0
(iv) x minimizes F ;
W) f(p()=f(x);
(vi) F(x)=f(x)
Proof. See in [8] or [23].

4. DINI SECOND UPPER DIRECTIONAL DERIVATIVE

We shall give some preliminaries that will be used in the remainder of the paper.
Definition 6. [22] The second order Dini upper directional derivative of the function

feLC'" at the point xeR" in the direction deR"is defined to be

) » [V/(x+ad)-Vf()] -d
So(x,d)= llnai sup ”

. If Vf is directionally differentiable at x, ,
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[V/(x+ad)-Vf(x)] -d
(04

holds for all d e R" .

we have that £, (x,,d)= f"(x,,d) =lim
alo

Since the Moreau-Yosida regularization of a proper closed convex function f

isan LC' function, we can consider its second order Dini upper directional derivative at
the point x € R" in the direction d € R" . Using (3.4) we can state that:

F}y(x,d)= limsupﬁd,
alo (24

where F(x) is defined by (3.1) and g, € of (p(x+ad)), g, € of (p(x)) .
Lemma 7: Let f:R" — R be a closed convex proper function and F is its Moreau —

Yosida regularization. Then the next statements are valid.
) Fj(x,,kd) = kzFl;,(xkad)
(iy F3 G+ ) S 253 (5 + F (3, )

(iif) |F}/(x,,d)| < K -|d| , where K is some constant.
Proof. See in [1] and [22].
Lemma 8. Let f: R" — R be a closed convex proper function and let F be its Moreau —
Yosida regularization. Then the next statements are valid.
(i) F}(x,d)is upper semicontinous with respect
to (x,d) ,i.e.limsup F;)(x,,d,) < F)(x,d) when (x,,d,) —>(x,d)

i—0

(i) Fj(x,d)=max{d"Vd|V e °F(x)}
Proof. See in [1] and [22].

5. SEMI-SMOOTH FUNCTIONS AND OPTIMALITY CONDITIONS

Definition 7: A4 function VF : R" — R" is said to be semi-smooth at the point x € R" if
VF is locally Lipschitzian at x € R" and the limit lim {Vh}, V € 8°F (x+ Ah) exists for
240
any d e R".
Note that for a closed convex proper function, the gradient of its Moreau-Yosida
regularization is a semi-smooth function.

Lemma 9. /22/: If VF:R" — R" is semi-smooth at the point x€R" then VF is
directionally differentiable at x € R" and for any V € 8*F(x+h),h — 0 we have that:

Vh—(VF) (x,h) = ol|A]) . Similarly we have that 1" Vh—F"(x,h) = o(|H]").
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Lemma 10: Let f:R" — R be a proper closed convex function and let F be its

Moreau-Yosida regularization. So, if x e R" is a solution of the problem (1.1), then
F'(x,d)=0 and F}(x,d)>0 forall d e R".
Proof. See in [6].

Lemma 11. Let f:R" — R be a proper closed convex function, F its Moreau-Yosida
regularization, and x a point from R" . If F'(x,d)=0 and F}(x,d)>0 forall d e R",

then x e R" is a strict local minimizer of the problem (1.1).

Proof. See in [6].
6. AMODEL ALGORITHM

In this section an algorithm for solving the problem (1.1) is introduced. We
suppose that at each xeR" it is possible to compute f(x),F (x), VF(x) and

Fy(x,d) foragiven d e R".
At the k-th iteration the direction vector s, = 0 in (1.2) is any vector satisfying

the nonascent property, i.e. VF' (x,)s, <0 holds, and the direction vector d, presents a
solution of the problem

min®, (d), ®, (d) =VF(xk)Td+%FL;’(xk,d) 6.1)
deR"

where F)(x,,d) stands for the second order Dini upper directional derivative at x, in the

direction d . Note that if A is a Lipschitzian constant for F it is also a Lipschitzian

constant for VF . The function @, (d) is called an iteration function. It is easy to see that
®,(0)=0 and D, (d) is Lipschitzian on R".

For the given g, where 0< g <1, the step-size ¢, >0 is a number satisfying
a, =q"" ,where i(k) is the smallest integer from i = 0,1,... such that the following two
inequalities are satisfied:

F(x, +as, +ajd,)—F(x,)< O'[akVFT(xk)sk —%a,fFl;’(xk,dk)} (6.2)
and

20, VF' (x,)s,

F(x, +2a.5, +Qa,)d,)-F(x,)>0 (6.3)

1 "
_E(zak)4FD(xk’dk)

where 0 <o <1 is a reassigned constant, and x, € R" is a given point.
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We make the following assumptions.
Al. We suppose that there exist constants ¢, > ¢, >0 such that

¢ |d| < Fj(x,.d)<c,|d|" for every d e R" (6.4)

A2.||d,||=1 and ||s,[| =1 k£ =0,1L...
A3. There exists a value y >0 such that

~VF"(x)s, 2 7ls, | .k =0,1,2,... (6.5)

A4 VF" (x)s, > 0= ||VF(x,)| = 0,k > oo
It follows from Lemma 3.1 in [22] that under the assumption Al, the optimal

solution of the problem (6.1) exists.
In order to have a finite value i(k) satisfying (6.2), it is sufficient that s, and

d, have descent properties, i.e. VF'(x,)s, <0 and VF'(x,)d, <0 whenever
VF(x,)#0. The first relation follows from (6.5). Relating to the second condition, if
d, #0 is a solution of (6.1), it follows that @, (d,) <0=®, (0). Consequently, using
(6.4), we get

VF'(x,)d, < —%Fg(xk ,d) < —%cl ld|’ <0 (6.6)

i.e. d, isa descent direction at x, .
Now, suppose that for some «, =¢'" the inequality (6.2) holds, but the
inequality (6.3) does not hold. In other words, we have the following:

1
F(x, +as, +a;d,)—F(x,)< o-[akVFT(xk)sk —Za,fFl;’(xk,dk)}
and

F(x, +2a,5, +2a, )’ d,) - F(x,) < 0'[2akVFT(xk)sk —%(20{,{)4F1;'(xk,dk)}
that is, if there is no j for which 2/¢, satisfies (6.3), we shall obtain

2, VF"(x,)s,

F(x, +2a,s, +(2a,)d)-F(x,)<o ,j=0,1,2,...

l j "
_5(2J ak)4FD(‘xk’dk)
The right side of the above inequality tends to —o as j— o, that is,
F(x,+2 a5, +(2'a,)d,)~F(x,) > - as j— o , which is the contradiction since
F is, because of the assumptions, bounded below on the compact set L(x,). Therefore,
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for some ; both inequalities (6.2) and (6.3) will be satisfied. Consequently, our

algorithm is well-defined.
The inequality (6.3) guarantees a suitable reduction in F', which means that
F(x) is decreased by at least a multiple of the modulus of the directional derivative

a,VF"(x,)s, and_%a: Fl(x,.d,)- Asa, =0 satisfies this inequality, it is necessary to

introduce another condition that prevents too small ¢, to be chosen. This is the purpose

of the inequality (6.2).
Proposition 3. If' the Moreau-Yosida regularization F(-) of the proper closed convex

function f(-) satisfies the condition (6.4), then:
(1) the function F(-) is uniformly convex, and hence, strictly convex;

(ii) the level set L(x,) = {x eR":F(x)<F (xo)} is a compact convex set, and
(iii) there exists a unique point x~ such that F(x") = A”Zf’?)F (x).
Proof. See in [6].

Convergence theorem . If the Moreau-Yosida regularization F(-) of the proper closed

convex function f(-) satisfies the assumptions Al, A2 ,A3 and A4, then for any initial

point x, € R" ,x, —> X, as k — o, where X is a unique minimal point of the function f.
Proof. From (6.2), (6.5) and (6.6) it follows that

F(x,,)-F(x,)< o-[qi(")VFT (x,)s, —%q“(")Fg(xk ,d, )} <0 (6.7)

Hence {F(x,)} is a decreasing sequence, and consequently {x,}c< L(x,).
Since L(x,) is by Proposition 3 a compact convex set, it follows that the sequence {xk}
is bounded. Therefore there exist accumulation points of {x,}. Since VF is by
assumption continuous, then, if VF(x,)—>0 as k—oo, it follows that every
accumulation point X of the sequence {x,} satisfies VF(X)=0. Since F is by
Proposition 3 strictly convex, it follows that there exists a unique point X € L(x,) such
that VF(x) =0. Hence, {xk} has a unique limit point ¥ — and it is a global minimizer.
Therefore, we have to prove that VF(x,) >0 as k > .

We first show that the set of indices {i(k)} is uniformly bounded above by a

number 7, i.e. i(k)<I <o . Suppose the contrary. By the definition of i(k) from (6.2)
it follows that

. . o 1 aior e o
F(x, +ql(k)_lsk +qm(k)_2dk)_F(xk) > O-|:ql(k) 'VF' (x,)sy _Zq4 ® 4FD (xkadk):|

By the definition of the Dini derivative and by (6.4), we have
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F(x, + q[(k)ilsk + q2[(k)72dk )—F(x,)

i) i 1 ()= k)= k)=

— qt(/{) IVF(xk )Tsk +q21(/{) deVF(xk )Tdk +5Fg(xk’qt(k) lsk +q21(/{) de)+0(q21(k) 2)
. . 1 . . 2 .

> qt(/{)*lvF(xk )Tsk i qZL(/{)fzdka(xk )T dk +Ecl ||qt(/{)71sk i qZL(/{)fzdk " +0(q21(k)—2)
. . 1 . . 2 .

_ qt(/{)*IVF(xk )T 5, + qZL(/{)*deVF(xk )T dk n Eclqzt(/{)fz ||Sk n qt(/{)*ldk " n O(qZL(k)fz)

i(k)— 1 i(k)— "
> o{q ®) IVF(xk)Tsk —Eq“ & 4FD()c,{,af,{)}

2i(k)-2 2i(k)—2)

Accumulating all terms of order higher than O(g ) into the term o(g

(because ||s,|=|d,|=1) and using the fact that VF(x,)'d, <0 (by (6.6)) yields

1 . _ , .
Eclqz’(k)'2 ||sk ||2 +o(g") > (o -1)g"V'VF(x,) s, 20 since 0<o<l and
VF(x,)'s, <0. Dividing by g yields

1 ; g 1 1 .

Eclq’(")'l Isl” +0(g"™™")> (6 -1)VF(x,) s, 0. Dividing by 556 lIs.|I =26 yields
q q

O(qi(k)—l

g >MVF(xk)Tsk + ). Taking the limit as k — o, and having in

C1 1

view (6.5), we get ¢'¥ > M}/ +o(q""™") > 0.
Cl

i(k)

Hence, o, = ¢"" is bounded away from zero, which contradicts the assumption

that the sequence {i(k)} is unbounded. Hencei(k)<I <o for all k. From (6.2), it
follows that

i 1 i "
F(xk+1)_F(xk) < O'|:q (k)VF(xk )T Sk _Eq4 (k)VFD(xk;dk):|
1 6.8)
< O'[qIVF(xk )Tsk _Eq4IVFz;(xk;dk):|

Hence, multiplying this inequality by -1, we get

1 "
F(xk)_F(ka)Zo-|:qIVF(xk)Tsk _Eq4IVFD(xk;dk):|'

Since {F(x,)} is bounded below (on the compact set L(x,)) and monotone (by
(6.8)), it follows that F(x,,,)—F(x,) >0 as k — . Hence from (6.8) it follows that
VF(x,)'s, >0 and VF)(x,;d,))—>0 as k—oo. Finally, from A4, it follows that
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||VF (x, )|| — 0,k — o0, and from Lemma 6, it follows that X is a unique minimal point
of the function f .

Convergence rate theorem Under the assumptions of the previous theorem we have that

the following estimate holds for the sequence {xk} generated by the algorithm.

-1
Flx,)-F(x)< uo 1+”—SI§—F(’C")_F(’“;”) ,for n=123,...
n” k=0 |VF(x, )

where ty = F(xq)—F(x), and diam L(x,) =7 <o (since by Proposition 3 it follows
that L(xo) is bounded).
Proof'. The proof directly follows from Theorem 9.2, page 167, in [11].

CONCLUSION

The algorithm presented in this paper is based on the algorithms from [2], [3],
[22] and [6]. The convergence is proved under mild conditions. This method uses

minimization along a plane, defined by vectors s, and d . to generate a new iterative

point at each iteration. Relating to the algorithm in [3], the presented algorithm is defined
and it converges for noonsmooth convex function.
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